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Systems of Ternariants that are Algebraically Complete. 

By A. R. Forsyth, M.A., F.R.S., Fellow of Trinity College, Cambridge. 



(Continued from page 60.) 

PAET III. 

Applications to Bipartite Quantics. 

59. The theory given in Part I holds alike for unipartite and for bipartite 

quantics : the difference in details arises through the difference of the literal 

operators. If in the quantic, symbolically represented by a£«£, the coefficient 

of a£sc2»3 u{u%ul be 

ml (il 

rlsltl p!<r!«r! "'•'•<• '• *•" 

(with the conditions r + s + 2 == w,p + o , + <r = ^), then the six operators simi- 
lar to those of 51 are* 

D s — 2, {ra>r-\,t + l,t,t>,<r, r aa r,S,t,P + l.<r— 1, T ) 3T - 

U a T, 8, t, p, <r, t 

Q 

A = 2 (S«r, .-1, < + l, p, a, t *#r, », t, p, ff + 1, r-l) 



Z?g 2 (fa r + 1, «,<_!, p, „, t P a r, «, *, p-1, a, r+l) 



^ a r, », «, p, <r, t 

a 



Sa r ,«,«,p,or,T 

■Di — Z(sa r+1<) _i <t<l><v<r p«r,*,t,p-i,<r+i,T) g— 



A — 2(to r(8+1>t _ liPi<7>T cra r(M>Pi<r _ liT+1 

A == 2 (»*«»— 1, «, t + 1, p, <r, t *«r, M, P + 1, ff , r-l) 



r, «, t, p, <r, t 

a 

a«r,«,t,p.<r,T 

3 

0°r, «, «, p, <r, t - 



(!'). 



* See the memoir there cited, p. 42, where the signs + within the bracket should be changed to — . 
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116 Forsyth: Systems of Ternariants that are Algebraically Complete. 

I. — The Lineo-Linear Quantic. 

60. In the symbolical form this is a x u a •* the explicit form we shall take 
to be 

IT— (a^i + hjx 2 + g&a) % -f (a^ + h z Xz + g % x s ) u % + (a^ + h s x z + g 3 x 3 ) u 3 ; 
the sequence of literal coefficients and the arrangement of numerical subscripts 

* The principal memoirs dealing with the theory of bilinear forms are given in the following list : 
Weierstrass (1858). " XJeber ein die homogenen Functionen zweiten Grades betreflfendes Theorem." 

Berl. Monatsb., 1858, pp. 207-220. 
Kronecker (1866). "Ueber bilineare Formen." Berl. Monatsb., 1866, pp. 597-612; reprinted in Crelle, 

t. LXVIII (1868), pp. 278-285. 
Weierstrass (1868). "Zur Theorie der bilinearen und quadratischen Formen." Berl. Monatsb., 1868, 

pp. 310-838. 
Kronecker (1868). Bemerkungen zu vorstehendem Vortrag. lb., pp. 339-346. 
Christoffel (1868). " Theorie der bilinearen Functionen." Crelle, t. LXVIII, pp. 253-272. 
Clebsch und Gordan (1869). " Ueber biternare Formen mitcontragredienten Variabeln." Math. Ann., 

t. i, pp. 359-400 ; specially pp. 371-400. 
Beltrami (1873). " Sulle funzioni bilineari. " Batt. Giorn., t. XI, pp. 98-106. 
Jordan (1873). "Sur les polyn6mes bilineaires." Comptes Rendus, t. LXXVII, pp. 1487-1491 ; Liou- 

ville, 2 e Ser., t. XIX, pp. 35-54. 
Jordan (1874). " Sur la reduction des formes bilineaires." Comptes Rendus, t. LXXVIII, pp. 614-617. 
"Sur les systemes de formes quadratiques." Comptes Rendus, t. LXXVIII, pp. 
1763-1767. 
Kronecker (1874). "Ueber Schaaren von quadratischen Formen." Berl. Monatsb., 1874, pp. 59-76. 
Nachtrag zu diesem Aufsatze. lb., pp. 149-156. 

" Ueber Schaaren von quadratischen und bilinearen Formen." lb., pp. 206-232. 
" Ueber die congruenten Transf ormationen der bilinearen Formen. " lb. , pp. 397-447. 
Darboux (1874). "Memoire sur la theorie algebrique des formes quadratiques." Liouville, 2" Ser., 

t. XIX, pp. 347-396. 
Jordan (1874). "Memoire sur la reduction et la transformation des systemes quadratiques." lb., pp. 

897-422. 
Frobenius (1878). "Ueber lineare Substitutionen und bilineare Formen." Crelle, t. LXXXIV, 

pp. 1-63. 
Bachmann (1873). " Untersuchungen fiber quadratischen Formen." Crelle, t. LXXVI, pp. 331-341. 
Hermite (1874). Extrait d'un lettre a M. Borchardt. Crelle, t. LXXVIII, pp. 325-328. 
Cay ley. " Sur la transformation d'une fonction quadratique en elle-meme par des substitutions line- 

aires." Crelle, t. L, pp. 288-299. 
Stickelberger ( 1879). " Ueber Schaaren von bilinearen und quadratischen Formen. " Crelle, t. LXXXVI, 

pp. 20-43. 
Frobenius (1879). "Ueber die schiefe Invarianten einer bilinearen oder quadratischen Form." lb., 

pp. 44-71. 
Cayley (1858). "A memoir on the automorphic linear transformation of a bipartite quadric function." 
Phil. Trans., 1858, pp. 39-46. 
Other references will be found in these memoirs which deal very largely with the transformation 
and canonization of the forms ; the memoirs of Christoffel, Clebsch and Gordan, and the last by Frobe- 
nius, deal with the concomitants. 
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will be seen to harmonize with those in later examples. The six operators in 
(1') are 

D ^-^da~ x ^ lh d^^ hi da~- ax da~~^ZK~ gx dg i % 

Vl -^dh\ + 9i 3T 2 + g * dh 3 ~~ ° 2 da 3 - ' h dh 3 9i dg 3 ' 
3,3,3 3 _ 3 3 

3 . a . a a * a JL 

^ ~ Ul dh, + a * dh, + *» Ms * °* da~ x ~ *» dh ~ 9i tyi ' 

t, i 3 . * 3 , t. a a * a a 

A-Z^ + ^ + ^-as^-^--^. 

3,3^3 3,3_ _3_ 

^-^a^ + ^ + ^S^ - " 1 ^ - hl 'dh 3 — 9l dg 3 ' 
From the general theory it follows that every concomitant has its leading coeffi- 
cient a common solution of A = and jD 6 = . Proceeding therefore to 
obtain these solutions, we first consider the set of equations subsidiary to D x = 

given by 

da x _ dg± da^ __ d(fe _ a\ _dh_ dfh ^ a 3 „ fys 

"0" ~ "o" ~ ~" g x ~ g % ~ g 3 — h *~ — a^ ~ — g % ' 

eight in all ; eight independent integrals of them will therefore be required. We 

have 0i = an 

2 = a 2 , 

and we apply the process of §35. Changing D s to A, we have 

A0 1 = O, 

so that X is a solution common to the two equations. Now for the ' variable of 
reference' we might take either a 3 or g x ', taking the latter, we have 6 3 as the 
connecting variable of the modified equations in A. We have 

A0 3 = 7t 1) A0 2 = — a 3 , 
so that 3 A0 2 — 2 A0 3 = — (a 3 g x + aA) = — B , 

this quantity 5 being easily verified to be another solution of the subsidiary set. 
And then A0 5 = O, 

so that 5 is a solution common to D x = and Z> 6 = . 
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Next we have A0 4 = h t — g 3 , 

so that 3 A0 4 — 20 4 A0 8 = gi(h i — g 3 ) — 2% 2 = 20 6 , 

where 6 is easily verified to be another solution of the subsidiary set. Next we 

have A0 6 = 3-^1(^8 — 9z) — Jhffn an< i therefore 

3 A0 6 — 6 A0 3 = — h 3 g\ + g t \ (g 3 — h*) + g t h\ = 7 , 
where 7 is a solution of the subsidiary set. And then 

A0, = O, 

so that 0, is a solution common to D x = and D e = . 

We now have seven integrals of the subsidiary set ; the remaining one neces- 
sary we may take to be 

08 = ^2 + 9s'> 

and we have A0 8 = , 

so that 8 is a solution common to the two characteristic equations. 

It is easy to see that the eight integrals thus chosen are independent of one 
another. 

61. Four common solutions of the two characteristic equations are 
0i 1 06 > 07» 08 > f° r * ne remaining two that (§36) are necessary, we have 

0fA(0 a -M 3 ) = -0 5 ; 
3 A(0 4 -M!) = 20 6 ^0 8( 
0|A(0 6 -0 3 ) = 7) 
of which two solutions are 

$1 = — g» — = -4- 0| "T- gsh — 9sh> 
and „ 0k0« + 0207 1 ,1/ i\/t \ t 

<?>» = — = — ihfhgi + -3- (#» — «s)(«»«i — a$gi) — gi<*A • 

There are thus six common solutions, the values of which in terms of the 
coefficients of the quantic are 

05 = «i=(««. <hhi, ^1). 
07 = tfc = (— h< 9s — h » gt$Si > ^i) 2 . 
08 = 03 + ^2; 



Forsyth : Systems of Ternaridnts that are Algebraically Complete. 119 



instead of $ lr which is practically the discriminant of » 2 considered as a binary 

form, we take «> _ . 1 /»_„t * 

^2 — $1 — -iVi — gJh — gsfh) 

and instead of $> 2 , which is the Jacobian of v x and v z considered as binary forms 
in g x and \ as variables, we take 

^3 = $2 + ~a" ^8 

= Ojj (g 3 h 1 — gji 3 ) + a 3 (gA — g A) • 

To obtain the order and the class to be associated with each of these quan- 
tities as leading coefficients of a concomitant, we use (I) and (II) and easily find, 

©i = 0i#i*«i + • • 
© 5 =0 5 zX+.. 

© 7 = ex +.. 

© 8 = %X x Ux + . . 
© a = ^ t XxUi-\- . . 
©3=VX+- 

Further, we at onee have 

0i + 08 = ^i> 

w x / 1 = @ 1 -|-©8; 

01**2 + «*3 = °h.i °2) a S = -*S> 

hi, Aj , « 3 

an invariant, and u\.I 3 = ©J02 + © 8 . 

Another invariant, of the second degree, is given in §63. 
It follows from the general theory that every concomitant of the Kneo-linear 
ternary quantic can be expressed in terms of the six' independent concomitants 

©1, ©6, ©7, ©8, ©2, ©3- 

62. But if, instead of taking in §60 the quantity 6 3 as the variable of refer- 
ence, we take % as that variable, we are led to the following system of inde- 
pendent solutions common to the two characteristic equations : 

0i = 0i» 

5 =(*n 9ih», «3>> 

08 = 03 + h> 

Si — gJb — #A. 

^s = «2 (gJh — gA) + «s (gJh — g»h) » 

<?>, = (— h 3 , h s — g 3) grjoj,, a 3 f, 



an invariant, and 
and also 
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the first five of which are the same as before and necessarily lead to the same 
concomitants, while the sixth leads to the concomitant 

<3> 7 = <2>,scf + • • • • 

Hence (§61, fin.) <I> 7 must be expressible in terms of ® x , @ B , ® 7 , © 8 , 2 , © 3 . 

63. Now Clebsch and Gordan have already* given the complete system of 
asyzygetic concomitants of the bilinear ternary quantic ; they are, in addition 
to u x , 



Symbol 
(0. and G. 


Symbolic 
Form. 


Evaluate Form. 




f 


= a a u, a 


~ OiX^Ui + ...., 


i 


= a tt 


= cii + 7h + 9s, 


H 


= a /3 & 


= «! + ?4 + g\ + 2a !t h 1 + 2a 3 g 1 + 2gji s 


A 


= <lx U P"a. 


= («! + «A + asg^XiUi +...., 


h 


= a^b y c a 


3 • • 1 *3 i 


Oy , a%, a s 
h\i "■it "s 
9xi 9%i 9s 


> 



$ = a x c x b a {pyx) = \—alhs + o^g (A 2 — #,) + g 2 al \ x\ + , 

4 = «^ Y 6 («cm) = { g\h 3 + #A (^ — g s ) — 'h\g l \vi + 

From the theorem that the system © x , © 6 , © 7 , @ 8 , @ 2 , © 8 is algebraically 
complete, it follows that each one of this set can be expressed in terms of 
members of that system ; and, in fact, it is easy to prove the relations : 

/=©!, 
«^=©l + @ 8 , 

*4h = ©! + ©t+20 B + 2 % @ 2 , 

«*/i = ©! + e 8 , 

3 



ulh 



'x"i u x ( ~g 

$ = <D 7 , 

4 = — @ 7 . 



%% x - 



^-^-©A-03, 



And the expression of <1> 7 in terms of the system of six concomitants © is easily 
shown to be given by 

*4©7$7 = ujd\ — @3© B © 8 — @ 2 ©1. 



* See pp. 372 et seq. of their memoir, quoted in the note to < 
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This equation is, after the foregoing relations, equivalent to an equation among 
Clebsch and Gordan's forms ; the verification of this result is easily obtainable 
from the canonical forms of the concomitants (p. 386 1. a). 

64. If, in the two equations of §60 which determine leading coefficients, 

wetake g 3 -7 h =2k, g 3 + h i =$ e) 

we find 

3 3 3 , 07 3 

^ = ^mr ai fa~ 9% dk + 2h dh 3 = °> 

n yd 3 , 3 oz.3 A 

D * ~ hl 87i ~ a3 da^ + h Wc ~ 2k dg~ 2 - °- 

When these are written in the forms 

d_ _3_„ a 07 _3_ 

^ dTh ~ a * da s ~ g *dh~ 2,e dh 3 ' 

, 3 3 , 3 , o7 3 

hl dg' 1 ~ as fa 2 ~ - h *dk + 27 "37 2 ' 

they are the differential equations of $e concomitants of a binary quadratic in 
literal coefficients — h 3 , k, g % , the variables in the concomitants being g x and h lf 
a 2 and — a 3 . 

To this system of solutions must be added a x and 8 , neither of which enters 
into the transformed equations and both of which are therefore solutions. 

This inference is verified immediately on a reference to the system of solu- 
tions obtained, the solution 5 being the determinant of the variables. 

Similar inferences in the succeeding cases may be derived after the character- 
istic equations have been transformed by similar substitutions ; but the inferences 
will be left unstated, because obvious from the respective systems of solutions, 
and the equations will not be transformed, the requisite substitutions being 
indicated sufficiently by the respective systems of solutions. 

II. — A System of Two Lineo-Linear Quantics. 

65. They may be taken in the forms 

U= {a x x x + hfa + g x x 3 ) % + (a 2 x 1 + h % x % + g % x 3 ) % -f {a 3 x x + h 3 x 2 + g 3 x 3 ) u 3 , 
V = (a[xi + h[x z + g[x 3 ) u x + (a^ + h\x % + g[x 3 ) u % + (a^ + hfc% + g&s) % . 

and the literal operators are now of the form D K -f- D[ instead of D K . We must 

therefore find the simultaneous independent solutions of 

D 1 + D{z=Q, A = D 6 + D's=0. 
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91 = gl>' 



From the 17 equations, which are subsidiary to the solution of the former 
equation, it at once appears that there are eight integrals of the form 

$[=zai, e> = al, 6i = g{, 

and these integrals are used for the deduction of further integrals by the usual 
method hitherto adopted, and also for the modification of the A-equation. Also, 
as in the case of a single lineo-linear quantic it was possible to take either 
3 or 2 as variable of reference, it is now possible to take any one of the four 
a , 3 , 2 , 3 as variable of reference. 

As in the earlier case of the system of three quadratics (53-58), I merely 
give some important stages of the work and the results. 

Since there are eighteen coefficients, it follows (§18) that all the simultaneous 
solutions can be expressed in terms of fifteen independent simultaneous solutions. 

66. In addition to the preceding eight quantities 0, which are solutions of 
D x + D[ — and among which Q 1 and 0{ are also solutions of A = , the following 
quantities — all being solutions of D x + D[ = — arise in the formation of the 
modified A-equations : 

6 = (^2 — 9s) 9i — ty A I 4>e = (H — 9s) 9x ~ 2#i 1 
% = (hi - g>) g{ — 2g>h>J ' *{ = fa - 9s) gi ~ *g& 

Xe = (h — gs) a% + tyi<h 1 <& = (M ~ 9s) <h + 2 #2«3 ) 
Z« = (*■ — 9s) <4 + ^gWj ' # = Qh - g 3 ) ai + 2g % ai ) ' 
And in the modified A-equations in the fourteen quantities, so far obtained yet 
not simultaneous solutions — viz. 2 , 3 , 4 , %, 3 , di and the eight just given — the 
following further quantities arise, all of them being simultaneous solutions 
of the two characteristic equations : 

5 = «3#i + «A"! 

e^a&L + aihir 
$=9iH—glh; 
$, = (A, b, ci gi , -hy 

^=z(A, B, G\g u —hfai, —%) 
4,' = (A,B, Glg[,-Mf 

%t=z(A, B, G\a 2 ,a 3 f 
o,= (A,B, Ofa*, a 3 \a' % , a' 3 ) 
<p!, = (A,B, CM, off 






H — aigi + a'A 



a' % h x \ . 
a 2 ^J ' 



•4-5 

4> = aia 3 • 

^=(A',B, G'ig u -hY 
M = (A>,B>, G'\ 9l , -hW,. 
ei=(A>,B>, G'lg{,-hif 

4, 7 = (J.' )J B',0'][a a ,a 3 ) 2 

p7 = (^', B', G'\a 3 , a 3 \ai, a 3 ') 

Z! = (A', B', C>la>,atf 



K) 
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> > 



fy = (A, B, 0\g x , — h$a s , a 3 ) ~) Xi — ( A '> B \ 0%. , — h&a, , a 3 ) 

v t =(A,B, G\g x , — hfal , a,') I . oi = (A', B\ G'\g x , — h x \a{ , aj) 

q 2 =(A,B, G\g{, — hfla,, a,) [ v' % = (A', B', OJg{, — h[\a%, «s) 

X > = (A, B, G\g[, - AflfaJ, a' 3 ) J tf = (A', B>, G'U, - Aftaj, ^) J 

the quantities A, B, G and J/, .B', <7' being 

^ = — 2^, B = h % — g s , G=2g z , 
A' = -2h' s , B'^hi-gi, G'=2gi. 

The following are the sets of modified A-equations in each of the four 
possible variables of reference ; the first seven equations of each set are the 
independent equations in that set, but their aggregate in any one set is rendered 
(as in §47) complete in form by the introduction of the subsidiary quantities 
which occur in all the other sets. The equations are : 



0iA= Vs 


0fA = V 8 


0fA = vJ 


QA = Vl 


V3«=— A. 


Vz^ = ^S 


Va> = -0^ 


V^ = « 


Vsp = q 


V2** = * 


Vs>' = ^ 


V2 V = s> 


V3? = 07 


V2« = %7 


VsY = % 


Vis' = x'n 


\? 3 y = <p 


V2t = ^ 


v# = -tf 


v# = -+ 


V3« = — 4 5 


V 2 § = ^5 


Vs/ = — t 


Vaa' = ^ 5 


^ 3 7t ==« 


V2P = 0S 


^gV = »' 


V2 p' = cr' 


V3* = ^7 


Va^ = 4»7 


Vs v=^ 


v 2 v = $ 


Vs* = <Pa 


V%% — 4>2 


Vs«' = ^7 


V2? = "a 


Vsl=Z2 


Vz>7 = 7b 


?&=% 


Va»' = o£ 


Vs« = ty 


* 


vy = % 


V 2 V = p7 


Vs» = ^7 


V& = % 


V&' = Vl 


vSf=pi 


V<* = <->3 


V 2 5 , = P7 


Vtf = <Z>2 


V# = ri 


Vs^ = Vfi 


Va/=p7 


v(? = zL 


V2Y = £2 



17 
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where the various quantities are defined by the relations 

$, = $,6 =$$ = Bin ei = e 3 a = e i i = 6' s ii \ 
3 =<y=0 3 y = i £aT e^=e 3 y=e,8 =6^r 

0i = 0| 7 t=0ip = 0f i >'=0^VJ' 

6 = 3? = 2 £ = 6> 3 u! = 6g ) 4*6 = W = V = Offl = %f \ 
0^ = $ 3 u = B£ = Oiqi = 2 'e J ' ^ = 3 ^ = 2 /= 60 = Bio' J ' 

^ 6 = B s x = 6 zV = B' 3 v' = 2 V 1 £ 6 = B 3 t = 2 s = B' 3 t' = By ) 
V, = B 3 x = 2 u = 0gV = 0^' J ' ^ = 3 r = 2 e? - 0^' = Bis' J * 

67. The independent simultaneous solutions of the two characteristic equa- 
tions can be derived from any one of the sets ; let us, then, consider the first set, 
retaining for this purpose only the (first seven) independent equations. Regard- 
ing these equations as furnishing one system of common integrals, we have the 
eight solutions of D x + Di = before given, 1( 2 , 3 , 4 and B[, 2 , B 3 , 0^ and 
those constructed later, viz. 6 ; 6 , 7 ; ty; 4 5 ; ^, ^ n ; being fifteen in all. Two 
more are necessary to make up the requisite number of seventeen solutions of 
D x + D[ = 0; and they (as in §60) may be taken 

% = K + 9t- 

Now 8 and B' s both satisfy A = 0, and therefore it appears that of the neces- 
sary fifteen simultaneous solutions we already have 

0i, 0i5 8 , %; 06,^55 07,^5 and<?>, 

so that six independent integrals — the proper number — must be obtained from 
the modified (v 3 -)equations. Six solutions, algebraically independent of one 
another and of those already obtained, are : 

607 + 205 = 4>2, 

q* - 2j>0, = (A 2 - g 3 f + 4% 2 = A, 

# + yB 5 = 4-s , 

<x0 5 — e^s =4', 
x» - 2**, = (h' 3 - g' 3 f + 4%i = A', 

e^i + xB 5 = x% • 
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Hence every simultaneous solution can be expressed in terms of the 15 (= 9 + 6) 
solutions already obtained. 

68. These fifteen solutions are not, however, symmetrical with regard to the 
two quantics, and they will therefore be replaced by a system which is symmet- 
rical and at the same time is algebraically equivalent to them. Among special 
relations — a fuller system will be given immediately — we have 

so that we may replace 4 1 by % ; we have 

0{h = K — 4> 8 A', 

so that we may replace # 2 by r '; and the second of these equations we shall use 
with A$ = *# + «&» 

to replace ^ by q>' % ; and lastly, we have 

3,05 = 0,^ — $$ gf 

so that we may replace ^ by ^ • 
The set is now constituted by 



e 1 

0i 



U M Al B ) 0,1 4> 2 1 a M ^ 

'{)' %r A'i' 5 'J' ^)' #1 »*"*"*• 



a system symmetrical with regard to the two quantics ; and it follows that every 
simultaneous solution can be expressed in terms of this set. 

Two of the set, viz. A and A', may be simplified in form as in §61, for 

-j- ( A — 01) = gji s — g s \ = Si , 

which will be taken as leading coefficients when the system of concomitants is 
established ; but for the purpose of expressing dependent solutions it is conve- 
nient to retain A and A'. And as an intermediate quantity we have 

Au = *2 — ph - 710 7 = (*i — 9m)(H — 9s) + 2%, + 2h 3 gi, 
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a simultaneous solution of the two characteristic equations, which also admits of 
some simplification in form by taking 

Su = -J" ( a m — W = g%K + g'A — g& — g' s \ ; 

but for the same purpose as A and A' it will be convenient to retain A la . 

69. Passing now to the consideration of the aggregate of modified A-equa- 
tions in 6 3 . as the variable of reference, we notice that eleven out of thirteen 
have their right-hand sides solutions of A=0, and that therefore, when any 
pair is combined, they lead to a solution ; for instance, from 

Vs£ = — #5> VJ = <&» 

we have as a solution of \r 3 =zO, i. e. of A= 0, the quantity e$ z + t0 5 . The 

number of such combinations is 55 f= —- . 11. 10 J; and the corresponding 55 

solutions can be expressed in terms of the fundamental set. Some of them are 
merely combinations of solutions already obtained, though not yet expressed in 
terms of the fundamental set ; some of them are solutions new in form. The 
relations are given in the following table, which is to be read 

q<i> + {—q)Qi = — a», q^s + «0, = v 2 , 

and so on : 
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The quantities which occur in this table and not already denned are given 
by the following definitions, in which 

&= — K{K — 9s)-\-\m — 9s), 

1= gifa — gM, 

© = — 9*(]h — 9s) + 9% m — 9a) i 
it will be seen that all the functions are of the nature of Jacobians : 



Q =2(1,1,%,-^ 

ft, = 2 (&, 8, <%! , — h\g[ , — K) 

Q> = 2(^, §,«%{, -Kf 

ix= 2(& f i, C%i, —K&ot, a 3 ) 

H=2(^,'§,€U,-MK,c4) 



> > 



}• 



i,= 2(&, '§, <% lf —hifai, a' 3 )\ 



70. The simplest integral relations among the solutions already obtained are : 
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A'X? — 2Au&# + A*," = Q\ % + (A A' — A? 2 ) ^ ' 
Ap? - 2A 12 p 7 p 7 + Ap^ 3 = ft*, + ( AA - AJ,) •*» 
A'# - 2A iato + Atf = \\ + (A A - A? 2 ) 0* 
A'vl — 2A 12 ^ + Attf = i| + (AA — A? 2 ) -4| 
A'o} — SAai^o, + Atf = i£ a + (AA - A? 2 ) W 
A'ZJ? ~ 2A 12 ^ + Atf = if ■+ (AA - Af 2 ) tf 

The remainder are given in the following table, which is such that some equiva- 
lent value has been found for every product-pair of the twenty quantics in §66 
which are of the third degree in the coefficients. There is no equivalent value 
for the product 7 A 7 ; and the table is to be read, for instance, in the line X,, 
there is no equivalent value for y^'; 

\Zt — ^% a i — M^ A, 
and for $ 2 a> 2 a reference is made to the entry for /*,,£, ; and it will be noticed that 
the results are all of such a form that the difference of two of these product- 
pairs is expressible in terms of quantities each of which has at least one factor 
of the second degree. 

71. Each of these relations between the solutions of the differential equa- 
tions implies a syzygy between the corresponding concomitants of the system of 
two quantics, the concomitant u„ — whose leading coefficient is unity — being used, 
where necessary, to make the order and the class uniform in the syzygy. 

72. Each of the solutions obtained determines a concomitant; the order 
and the class of each such function so determined are given in the following table : 



ORDER IN X. 


CLASS IN 11. 


LEADING COEFFICIENT. 


1 


1 


"1, "1> "8> "8) "*8> «*2> "*12- 


2 


2 


5 , ft, 4> 5 , M. 


3 


3 


<fcs, #i t>2> v i> »2, «2, %'%, %i, ii, iii i» f i»- 





3 


<?>, 07, 07- 


1 


4 


3-7 > ^7, ^7, M- 


2 


5 


8, 012, fl'- 


3 





^, %7, xi- 


4 


1 


J>7> P7, <?>7> 4>7- 


5 


2 


** , ^13 , ♦* • 
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73. The symbolical values of the more important concomitants are as fol- 
low, the original quantics being 

£7= b x u p = c x u y = ...., J7 7 = b'xUp = c' x u^ =...., 

and capital letters r ,4>„ ,...-. denoting the comcomitants which have the 
corresponding small letters 6 r , ty„ . . . . with the same suffixes for leading coeffi- 
cients: f 01= ^ % . 

(.0^= b'vUp'y 

f ©8=; — ® 1 + u x b fi ; 
I0i= — ©i + tf.6^; 

©5 = — ®1 + U x C^b x U y ; 

% = —@ i e' 1 + u x b pl b' x u p ; 

% = _©!©{ + Ujb'fbju,,-, 

l®5 = — ®i + %4&> v , ; 
'© 2 = — (6ott)(£yas); 
< e n = — (bb'u){P(3'x); 

-_- © 7 = — cZ^Ms (5cm) ; 

-— *p 7 = u x c p M p u y (bb'u) — c tt u p u y Upt (bb'u) ; 



1 ra/ — 



UxC'pUpUy (bb'u) ■+- c' x u w u y ,u p (bb'u) ; 
~ @^ = — d j ^u y ,u h , (b'du) ; 

-j- A T = -g- ®8$ — dpUyity (bcu) u x ; 
-|- A7 = 1- ©£<£ — 4%«V (J'c'm) % ; 

yX,= & v c<A O^ 35 ) 5 
-|- $> 7 = u a b' y c x d x (J3'$x) — b' x c x d x u y (p'8x) ; 
^_ $ 7 = — u x b yf c x d' x (fih'x) -f- b x c x d x u y , 0^) 5 
|X{= b y ,c' x d' x ((3'Vx); 
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\ P 7 = - -§- 0^ + W» (Pyx) u x ; 

a * 

-|- $ a ss 1- 8 © 5 -h d x u y {bcu)(J3hx) u x ; 

-§- <# = - \ G'M + <w v , (Vc!u)(P'Vx) u x ; 

-f T a = — -J- 8 ip 5 + &X (bcx)(Ppu) u x ; 
-j- T^ = - -f 0'^ - 5 8 tv (V<fx)(PP'u) u x ■ 

Yflj = -y 08*5 + Ca-% (bb'u)(pyx) u x ; 

c' x y, fi {bb'u){P'y'x)u x ) 



•fn^ = --f 0^ 5 



2 A 2 — — 2 UgW 5 



1-X^-t ©8©5 + <&V (Wu)W«) u x .* 



III.— 7%e Quadro-Linear Qtiantic. 

74. This may be taken in the form 

(axf + bx\ + cxl + 2/a 2 £c 3 + 2gx z x x -f 2A» 1 £B 2 ) % 
+ (a'cc? + 6'al + c'ccl + 2/'a; 2 a: s + 2#'a;3a; 1 + 2h'x 1 x z ) u % 
+ (af'jcj + 6"af + c"a| + 2/"^ + V<W* + Wx^u^ 
which is symbolically represented by a%u a . The characteristic equations are 
a ■ d. 9 .~" a „i_./ a ,v a / a / a 



Di - 2f M + G w + 9w ^ * j m ^ v w ^ y w ^™ w> ^ » w 1 



^f~ ry dh + 2 ^' dv 

dJL + (2f"~V)J} jr +(Ji-fi)^ + (g»-hO~ = 0, 



A = A 






do 






df^ 1 " dg 



b" ~ ,-■ - A" -3^ + (2/ - C) ^r + {V -/") ^r + <P - 9") ^ = • 



* I have not worked out in any detail the forms for three Mneo-linear quantics ; but it is interesting 
to see that the cubic determinant formed of the coefficients 

«i,*i.Ji; a{,h[,g{; a[', h{>, g[< 

&2 t h>2 ) Q2 1 C^2 > "2 1 ^2 1 ^2 1 *H » ^2 

a 3 , h s , 9» 8 ; a 3 ' ,hi,gi; ai ', hi ', gi ' 
as the three " strata " (see Scott's " Determinants," Chap. VII), is a leading coefficient of a concomitant. 
18 
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All the simultaneous solutions can be expressed in terms of fifteen independent 
simultaneous solutions. 

75. It appears that, of the seventeen equations subsidiary to D x , six inte- 
grals are at once given by a, g, c, a', g',d ; as in previous cases, we have a 
choice of variables of reference in g or a'. 

The systems of integrals and the modified A-equations are formed as in the 
preceding cases, with the following results : 

Quantities, being solutions of D x = but not of A = and occurring in the 
equations, are 



2 = 



a', 



e 6 = g >, e e = d 



0u=/' + c", e 5 = g, 3 



= C J 



04=(/, ola',a")) 
6 1 = (yl,g'la',a") 



*? = (*. g'lg, —fy>, 



0io= (p, [i, dla',a»J 
4-10= (p, I*, d\a', a"\g, 
$io = (p, P,<ffa, —A) 2 



h) 



where the symbols %, (i, p are defined by the equations 

*=i-(h'-g"), (i = jr(2f~c»), p=jr(b>-2f»). 



Quantities, being solutions of both B x = and A == and occurring in the equa- 
tions, are, in addition to y x = a, given by 



y 2 =z(b, f, c\a', a"f 

%2 = (b, f, c\a',a"lg, — h) 

3 2 =(&, /, c\g, —Kf 

y,= (-¥,p,ii,dla',a"f 



y 4 = (-h»,*,g>la>,a»y 
* = (-&,*,, M, -h? 



1 



y 3 = ha' + ga"\ . 

f r 

c"la',a") | 
25 = (~ W, P, ^. dig, - W J % = (V +/", /' + c"\g, -h)i 



m = (- b", p, ^, cV, a'') 2 (</, - h) I 2/ 7 = A' + / 



And it is not difficult to see that, when 2 is the variable of reference, the 
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seventeen integrals of the equations subsidiary to D lf being 

UU Via 2/3i Vit 2/5) 2/6. 2^5 02> ^81 ^4> 6fi) ^6) #7) 08. #9 1 ^10 J 011. 

are independent of one another. 

76. The modified A-equations are 
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eiA = v 


0§A = V ' 




V*= 2& 


V'*'=2^ 




V^ = 2/2 


V'# = 2a 




V?=2/3 


V* = — v> 


5 = $2> 02 

3 = i0| = M» 
4 =7<;0 = x % 


Vi>= 2g 


rfpi = 2^' 


W = 2/4 


vY= z 4 


4> 4 = x 2 = M 5 

6 =i>0l =ye? 

7 = 20 2 =^'05 


yr= 3s 


yV = 3s' 


V*= 2* 


vV = sw 


where * = & = & 

e s = r$i = S% 


V* = 2/5 


v'*' = % 


9 = s 0f = <t'0| 

010 = $2 = ^05 
fc,=<T0i=s'0f 


Vw = 2/ 6 


yV = »6 


V»=^2 


vv = & 


4>10 = *02 = ^05 

u =„0 2 = i/0 5 

4> 10 = O0 3 = G)'0 5 


VZ = £« 


vy = £4 


Vo , = 2u 


VV = 26)' 




V" = *75 


V V = & 




V* = & 


V'^=>75 





?'0 5 n 



and the first nine equations are the independent equations for each of the 
variables of reference. 



134; Forsyth: Systems of Ternariants that are Algebraically Complete. 



77. Taking first the set of nine independent equations in 2 as the variables 
of reference, eight independent integrals (the necessary number) are given by 

3» =** — iy% =f —be, 

S i =q i - m =V + g'h", 

h, = f - sy 5 = (p 2 + id", op. + b"d, od — ii z \a!, a")\ 



$z = ryl-2sty 5 +2t 3 = 



b"'d 

+ Won 
+ 2p 3 


— b"od 

+ 2b" n 2 


V'fuf 

+ 2pV 
— op* 


b"c'' 
+ Bpfid 

— 2n s 



K a' J, 



e 2 = iy% — %s 
^4 = tyi — qy$ 
% = ly* — ty s 

h = ly« — m 



= (fl* —fh, gf — ch\a', a!') , 
= (— gh" — Xh, g% — hg'\a\ a") , 
= {-¥, o,ii,dla',a")\g,^h), 
= (b'+/",f + d'lg,-h). 



Here 5 2 and 5 4 are the discriminants of y % and y i% regarded as binary quadratics 
in a' and a" as variables ; A 5 is the Hessian (with changed sign) of y 5 similarly 
regarded as a binary cubic, and <|> B is its cubico variant ; £ 2 , £ 4 , >7 5 , z 6 are the 
Jacobians of y 3 with y 2 , y it y 5 , y 6 respectively, similarly regarded as binary 
quantics. And if we take 

5 B = b"'d* + QV'oiid — 4b"n 3 + 4pV — 3pV, 

being the discriminant of y 5 , regarded as a binary cubic, we have 

^t = ^yl + 4hl 

so that S 6 is a simultaneous solution and it may replace <fo . 

We thus have the result : 

Every simultaneous solution of the two characteristic equations can be expressed 
in terms of the fifteen independent simultaneous solutions 

2/i> V%i 2/s> 2/4. 2/b. 2/e. 2/t.. \, K, h, \, £jj, f 4 , >7 5 , z 6 ; 

and every concomitant of the quadro-linear quantic can be expressed in terms of the 
fifteen concomitants which have respectively t7iese fifteen quantities for their leading 
coefficients. 

78. Taking next the set of nine independent equations in B as the variable 
of reference, the corresponding eight integrals are 
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^-r-%% =/ 8 -&c, 
$ i =q' 1 ~p%=ztf + g>h», 

H = f-s% =(p* + [ib», pp + V'J, od-^lg,~h)\ 
l<pi = r'sg — Ss'tfz 5 + 2tf\ replaced as before by] 
S 5 = = b"'d l + Wffuf — 46V + ¥ d — s ?y> 

& as 1%+q'ys = (— A"a' + to", W + fla%, — A) , 
£,= 1% + Tdy^ (ha' +fa", fa' + ca%, - A), 
£ 5 = l\ + ty 8 = (~ V, p,ii, dfg, - h)\a>, a"), 
y 6 = l>z s + v>y 3 =(b> +f",f + c"K a"); 

these quantities bearing similar relations to the quantities z, viewed as binary 
quantics in g and — h as variables. Hence we see : 

Every simultaneous solution of the two characteristic equations can also be 
expressed in terms of the fifteen independent simtdtaneous solutions 

yi, «2, 2/3. »4> %. 2 6, y-i, \, 5 4 , %, 5 5J ? 3 , £ 4 , £ 5 , y 6 ; 
aw<^ every concomitant of the quadro-linear quantic can also be expressed in terms 
of the fifteen concomitants which have respectively these fifteen quantities for their 
leading coefficients. 

79 To obtain the order and the class 
of each of the concomitants, we may use 
either the method of developing opera- 
tors in §7 and 8 ; or we may obtain the 
symbolical forms, the umbral coefficient- 
combinations being given in the accom- 
panying table. For any one of them such 
as z 5 , we first change the quantities 
b", p, ft, c' (its coefficients regarded as a binary form) into umbral combinations, 
so that 

s B = — # 8 afa 3 — g*h (ago, — 2a 2 a 5 a 3 ) + gh % (2a 2 a 3 a 2 — aja,) • 
= — (fltO — <hhf (<*3# + a«A) . 
Now we have also 

a 2 g — a 3 h = b^ x (a 2 6 3 — a z b % ) = b^ t (aA) , 

"s^ + <*A = d x hi (asd 3 + a 2 cZ 2 ) = d\b\ (d a — d^a^) , 





al 


«1 . 


al 


a z a 3 


a s a t 


ttjOa 


a l 


a 


& 


c 


f 


9 


h 


°2 


a' 


V 


c' 


f 


* 


h' 


°3 


a" 


V 


c" 


f" . 


g" 


h" 



h 3 alcc 



3 u, 2 



so that 

and therefore 

Z 5 = 



a 5 = — b\@ x (aj> 6 ) cy-L (« 2 c 3 ) d$ 1 (d a — o\a^ 
b z c x d x u^u y u s (abu)(acu) d a u x + b x c x u a u^d%u s (abu)(acu) . 



136 Forsyth: Systems of Ternariants that are Algebraically Complete. 



The second term is seen to be resoluble, for d>lu s is a factor ; it is in fact equal 
to what is called Y X Z % \ and thus Z 5 effectively determines a concomitant 
dJbtfiadaM^UyUs (abu)(aeu) . 

The symbolical expressions are here given for all except h 5 , h' 5 and 5 5 , which 
are long and complicated in their symbolical form. The order in x and the class 
in u are 8 and 4 , 4 and 6 , 4 and 6 respectively for these three ; and for the 
others are immediately evident from an inspection of their values : 
Fi = g^eK + ....= a%u a) 

Y 3 — Vz^A + = — T? + a l fljtlu a u QI , 

F T = ^H + = — F x + a x u a a a , 

= —Y?—2Y 1 Y s + a p a y bl<%u a u% , 

= a^WfiKayx), 

= — 2 F x F 4 + a^a y b x c x d% (a$x) u x , 

= -Y s -Y 1 Y 1 -Y} + a a a,blul, 

= b x G x u a u^u y (abu)(acu) , 

— c^x x b x c x u a u y (abu) , 

= Y X Z % — d a b x c a .d x u f> u y u s (abu)(acu) u x , 

= a a b x u p (abu) , 

= g- u a u fi (abu) 2 , 



F 2 = y % x\u\ + . 
Y i = y 4 xl + . 

Y 5 = ytftfrh + • 
Y s = ysxiu\ + . 
Z % = z^x\u\ + . 
Zi = z^luf + . 
Z* = %ccK + . 
Z t = ZffCxul + . 

Ag = S 2 «i + • • 
A i =zh i x\u\+. 
H a = ZA*A + . 
E 4 = &e}uS + . 






J? o- «As (abu)(a@x) u x , 



~ 4 '■■' 2 

= a y b x clu a u p (abu) , 

= s- F 7 F s + aJbfasUy (acu)(a^x) u x , 



Y s Z e + b x c x cP x u ? u y (abu)(acu)(aSx), 



-f F 3 F 6 + 3 li F 2 + 3 I? F 3 — IJ- a^Jtefatfit. . 



80. The operators which serve for the full development of the concomitants 
in powers of the variables from the leading coefficients are : 



da 



dh 



tg 



da" 



dh" 



dg" 



dV 



'f df G 



v*=2g 



da 



■f 



dl 
d 

df" 



w + (2h'-a)- M + (b'-h) w +(f-g) w 

d . d . .. d f d , d 

dg~ + 29 dd +J dh< + c dg'~ b db" 

d . ,_ ,. , a ,. a a 



3c" 



F + (2/ _ a) +(/ /_A) +(c //_^ 



3A" 



a<?" 
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so far as powers of the x-variables are concerned ; and 



^"m-v'4r + ^-^4r + (h-/")4r + (a-f) a 



dh~ u db -rw—*j do ' ^ J > a/ ^v* y J W 

o ps p ri p p ^ 

A= 2# w + a'-qij + g' -oTT + 2A" ^jir + a " ^TJf + 9" ^Tfi — a ' 



K 



a&' t" w a# ^ y a/' ^ "" dw ^ "• a#' ^ » a/" w a« 

so far as powers of the w-variables are concerned. 

8 2. Other solutions of the modified A-equations can be obtained, different 
in form but of course not algebraically independent ; of these the most important 
are the set of three 

S u = 2kq — i Vi —py % — Ifk + ch" — bg', 

S 25 = 2Jet — sy 3 — iy B = (2fp — [ib + b"c) a' + (2/p — bd — oc) a", 

S 45 = 2qt -m—m = (2ty + V'g< + fih") a' + (2ty — g'o + dh") a", 

which are respectively intermediaries between 5 2 and 5 4 , h % and \, 5 4 and S 5 ; and 
the set of functions of Jacobian form similar to those in §69. 

83. The last statement is justified by the theorem: 

The Jacobian of any two simultaneous solutions regarded as binary forms in a' 
and a" is also a solution ; and similarly for the Jacobians of solutions regarded as 
binary forms in g and — h. 

The proof for the two cases is very much the same ; taking it for the former, 
let U and V be two solutions of orders m and n respectively in a' and a", and 
let J be their Jacobian. Then 

mnJai = a>( Wl W - ^ w) 

Now on looking at the groups of subsidiary quantities and comparing them 
with the equations, it appears that (1) for every simultaneous solution U, the asso- 
ciated quantity ^ satisfies D 1 = 0; hence, as a 1 , U, V, ^p- , g^-all satisfy 
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D l = 0, it follows that J satisfies that equation; and (2) the modified A-equation is 

„f 1 d U\_jj 
V \mdda 1J J"" V ' 

so that yj= y- U— U.V=0, 

and therefore J satisfies A — . This proves the proposition for the former 
part ; the latter part is similarly proved. Examples occur in £ 8 , £ 4 , £ 5 , ^. 

84. A set of dependent concomitants will thus be obtained having each as 
its leading coefficient a Jacobian in a 1 and a" or in g and — h of any two leading 
coefficients already obtained. 

The relations among the various solutions will be similar to those previously 
obtained ; only five examples will here be given, being those which connect the 
system of §77 with that of §78 immediately succeeding. They are 






KK = gl + Jr 

where g 6 , an intermediate between h 5 and h$, being equal to 

(f + iib", ~-pii + ^V'cF, 9 d — /§a!, a»$g, -i), 

is determined by the relation 

IV. — The Cubo-Linear Quantie. 

85.. This I take in the form 

Uy (ax\ + Zhx\x% + Sgx\x 3 + Sbxlxx+Scxlxt -f 6fxja%c 8 + ix\ +3ja|aj 8 + 3&c 2 x§+ ?£c|) 
+ u, (a'4+3h'xlx i +5g'xlx 3 +3Uxlx 1 +Mx& 1 +Gfx 1 X2X 3 +*'x|+ 3/ 4r,+3^a-^5+ 7a$) 
+ ^ {a"x\ + Sh"x\x z + Sg"x\x 3 + Wdfa + Sc"^ + 6f"x,xp, 

+ *"*! + 3/' aja, + 3F^1 + Z"xl) 

instead of a form such that the coefficient of v^ is a uni-ternary cubic with coeffi- 
cients as in Oayley's Third Memoir ; the advantage being that all the analysis 
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of the quadro-linear quantic, as far as it goes, is valid here without any change. 
The characteristic equations are 

. o p 3 , 3 , 3 , 3 , 3 ,3 3 

-I- AT dv +c a/' +0 g A / — « a ^/ -9 dg „ —e-wr~ l W 

+ (2/" - V) -^ + (c" -/') ^ + («/' - A') ^ = 0, 

and 

+ ^"S?+ v 'w+''"w'- a "^- l/ 'ip- h "w- i "^ 

+ (2/ -«") Jr + (V -/") |, + (»'-«") J, = . 

86. In addition to the quantities formed with a! as variable of reference 
which (§75) were for the quadro-linear quantic solutions of D^ = but not of 
A= 0, viz. $ r (where r = 2, 3, . . . * , 10) and the quantities which were for 
that same quantic solutions of A =0 and of A =0 , viz. y„ (where s = 1 , 2 , . . . , 7) , 
all of which occupy similar positions in the construction of the equations for the 
present case — there are the additional 0-quantities, solutions of D\ = but not 
of A — , given by 

^12 •— h 
■ 6 13 = ha' +la", [ Bll Z_ 1, , 

14 =j a !' + 2ka'a" + h"\ \ ° u ~ ** + ^^^ 



1^9 = ^ + ?', [ 

I M = (j' + W\ a 'j+ (V + I") a". 



17 = na" + 2ea'a" + ?'«"*, 

18 = oa!' + 3na"a" + Zea'a"* + l'a"\ 



9 i0 = (f + V')a'i+(Jc! + l")a», 
where e = -J- (3# — Z") , t* = -j- (2/ — 2F), <* = -J" (*' — 3/'); and there are the 
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additional ^-quantities, solutions of D x = and of A = , given by 

y s = ia>* + 3/a'V + Ska'a"* + 7a" 3 = (i, j, k, l\a', a") 3 , 
y 9 = (—i",a,7l,B, l'\a', a"Y, 
y 10 = (i> +f>, f + W,W + l"\a>, a"f. 

And the modified A-equations additional to those in the first column (0§A = v) 
of the table in §76 are 

v((y>i- 3 ) = 30 13 0r 3 , 
v(Mr , ) = 20ufr 1 , 

V(M 2 - 1 )= 2/s, 

v(<y*r 4 ) = 40 16 2 - s , 

v (Mr 2 ) = 2Mr\ 
v(0 18 0r 1 )= 2/9, 

V(Mi- 2 ) = 20 2 o^ X , 
V(M 8 _1 )= 2/w- 

87. Without proceeding to the formation of the modified A-equations when 
g (= B ) is taken as the variable of reference, or to the formation of the depen- 
dent equations in all the subsidiary quantities which arise in the two cases of 2 
and of 5 respectively as variable of reference, these equations are sufficient to 
give the algebraically independent concomitants in terms of which all others can 
be expressed; but the simplest set of independent solutions, though com- 
plete functionally, form a system much less complete in point of form and 
syzygetic irreducibility than in preceding cases. This, however, is not impor- 
tant from our point of view, the purpose being the formation of an algebraically 
complete system. Such a system is given by : 

(i) The quantics in a' and a" as variables, viz. : 

two of order zero in a' and a", being y lt y n \ 
two of order one in d and a", being y 3 , y s ; 
three of order two in a' and a", being y 2 , y i} y 10 ) 
two of order three in a' and a", being y 5 , y s ; 
one of order four in a' and a", being y a ; 
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(ii) the algebraically independent concomitants of each of these, taken 
singly, viz.: 

the discriminant of each of the three y iy y it y 1Q ; 

the Hessian and the cubicovariant (or the discriminant, replacing the cubi- 
co variant) of each of the two y 5 , y s ; 

the Hessian, the quadrin variant and the cubicovariant (or the cub invariant, 
replacing the cubicovariant) of y 9 ; 

(iii) the Jacobian of y 3 with each of the seven y s , y % u y± , y 10 , y 5 , y 8 , y 9 in turn. 

88. The total number in the system is thus 27, being less by three than the 
number of constants in the original quantic ; this is the (§18) required number. 

The order and the class of each of the concomitants determined by a leading 
coefficient will be determined subsequently (§§106-112) for the general biternary 
quantic. 

V. — The Cube- Cubic Quantic. 

89. Without taking in separate detail the cases in order of simplicity after 
the last, viz. the lineo-quadratic, the lineo-cubic, quadro-quadratic and quadro- 
cubic, I pass on to the cubo-cubic, merely giving the equations on account of the 
mass of algebra. From the form in which the coefficients are taken for the 
present quantic, the equations apply to these omitted cases so far as in such 
omitted quantics the coefficients occur. 

The quantic is taken in the form 

+ 3wf«2#io + 3u\u s U i 

+ SuiulU^ + GUiUzUsUn + SujulU^ 

+ U\ #80 + 3t4« 3 #21 + 3«X U n -f U\ Uqs ; 

and the coefficients U in this quantic are 

axf 
+ Zhx%x 2 + %gx{x 3 
+• Sbx&l + 6fxxX<#c 3 + cx^xl 
+ ixl + 2>jx%x 3 + Shx z xl + lx\, 

the literal coefficients a, h, g, . . . . being supposed to have the same indicative 
suffix as the quantity ?7in which they occur. 
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The characteristic equation Z> 6 = A = has the operator A given by 

4- * d , tl 

+ ^d 9oo + 6 <*a/ 00 

d Ol 7\ r\ r\ 

<-> ~ o '*» JS 

~ 2a « 35; - 2A » as + ^«« - 26u Wo + ( ^~ 2/u) a/To 

- a °* a^ ~ h »> aifi + (All_ ^ Wn~ h<a Wr +{hi1 ^ /m) M 

7) 7) 



C\ d 7^ ?\ 7\ 

~ Za * a^„ ~ sh * dK + (*»- 8 ^«) a^ - 36 * 1 Wo + ( & 3o-3/ al ) ^ 

^V cj ^ ^ ^ 

-** ^- - 27> 12 ^ + (*»--' W ^ -2b n ^ + (5 21 -2/ 12 ) ^ 

~ a " s a^ 2 ~ A <* w n + {hn ^~ 9oa) %T 2 - hs Wv + 0»- /«) % 



?\ 7\ ?\ ?i 

+ ^a^, + i( «>dJol> + 2y °°3^ + zhw dQ 

O *5 ^i O pi 

+ (2/io- c 01 ) ^ - i 01 gr- + (%- / 01 ) ^ + (2/ 10 - Jc 01 ) ^ + (37, 10 - 7 01 ) -^ 

^ r\ rS s\ 

+ 2/m 3£ + ^ Mi + 2io1 3£ + 37% ^ 

O P} p» . pj ^i 

+ (2/ 20 — 2c u ) ^— — 2» usr + (i 20 — 2/ u ) ^r- + (2/20-27%) J5T--+ (Mfc— 27 u ) 37- 

pi P) 'O ^ A 

+ (2/n- O g^ - %» 0- + (hi- / 02 ) ^ + (2/n- ^) 3^ + (37%- 4) Wi 

+ 2/o2 a^ + *»fc + 2 ^a^ + 8 ^a?^ 

+ (2/ 30 — 3c 21 ) ^- —3*213^ + (*so— 3/a) ^ + (2/30— 2^21) g^" o + (3A; 30 — 3fo) 3^ 

o pi pi pi pi 

+ (2/ai— 2ou) 3^ —2*129^ + (%— 2/u) ^ + (2y 21 — 2A; 12 ) ^- + (3^— 27^) -^ 

a .a a .. _. , , a . .., , , a 

'12 



21 



+ (2/ 12 - c 03 ) -^ - % 9- + (%- /«) a^- '+ (2/13- ^3) a^ + (3/%- 7 03 ) 55; 

+ 2/ 03 pr— + % 07- + 2^ y^r- + 37% ^j- 
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91. Proceeding in the usual manner and forming the modified A-equations 
in solutions of the subsidiary equations of Dj = 0, we first take a 10 for variable 
of reference. The notation for these solutions of the subsidiary equations will 
be maintained as in the last case, viz. a solution of B x = but not of A = 
will be denoted by $, and one which is simultaneously a solution of D x = and 
D = arising in the modification of the A-equations will be denoted by y. 

The quantities y which thus arise are : 

Vx =aoo, 

Vz = (^oo, ^oo$«oij «io), 

Vz =: ( C 00,/00l ^OOX a 01) a w , 

yu = (4oi %>, 300, *ooI a oi> a io) » 

Vi — (ftoi K — 9oi, — KMou «io) 2 

y 5 = (c 10 , 2/ 10 — c 01 , b 10 — 2/ 01 , — b 01 %a 01 , a 10 ) 3 , 

2/is = (no, 3ft 10 ? 01 , 3; 10 3/%, i 10 — Sj 01 , — hiyfloi, ^io) » 

ye =(«2o» — 2oui «{b3[«oi, «io) 2 , 

2/7 = (#20, — 2 9n + A20, ^03 — 2fiuf ^o25«oi, «io) 3 , 

2/s = (c 2 o, — 2c u + 2/ 20 , c 03 — 4/ u + 6 20 , 2/og — 26 u , & 02 $> i> «io) 4 , 

2/w = $n » — 2?u + 3&sso , ?03 — 6&u + 3/20 , 3& 03 — 6/u + i» , fy'u — 2% , %3> 01 , a 10 ) B , 

2/i7 = ( a 3o , — 3a 21 , 3a 12 , «o3X a oi , a io) > 

2/is= (#30, — %9n + ho, 3# 12 — 3/^1, — £03 + 3A 12 , — h 03 \a 01 , %>)*> 

2/20 = ( c so, — Sea + 2/ 30 , 3c 12 — 6/ 21 + &3 , — c 03 + 6/ 12 — 35 21 , 

2^ + 3o 12 , £>03j[ a 01 1 a io) 1 

2/ai = (^30 » 3% 4* 3« 30 , olw — 9%t + 3^3 , — 7 03 + 9«i 2 — 9^ a + * g0 > 

— 3^os + 9y i3 — 3%, — 3/03 + 3%, — %Hi» «io) 6 , 
2/9 = ^10 + 9oi, 
2/io= (/10 + c oi> &10 +/01H1, «io), 

2/ 22 = (i^o + ? 01, /l0 + hi, *10 + /oiKl> «lo) 2 , 

2/12 = (^20 + s'n, — ^u — gonial, «lo) , 

2/u = (/20 + c U) &20 — c 02) . — 6u — / 2£«oi, «io) s , 

yss=(ho + ?u, 2/go + ^11 — ?02, — in + 2^2 + %, — io2 — %3«oi> «io) 3 , 

2/26 == (%» + 27»i » — "31 — 9iz > "18 4" Sw^oi 1 a io) ) 

2/zb = (/so + c sa, ^30-/21 — 2c is> — 2&21 — /is + c 03, &i2 + /os&%> «io) 3 , 

2/84 = (%) "H ^21) 2^30 2%, %) tyzi 3« 12 + %, 2^ 21 -f- 2«og, « 12 -f- ^osXOoii ^10) , 

y ls = 5 20 + 2/ u + c 02 , 

«/.*, = (Z>30 + 2/ 21 * + c n , — &21 — 2/i 2 — c 03 la 01 , a 10 ) , 

2/28 = O20 + 2^ii + loss, *2o + 2/u + /%$a 01 , a 10 ), 

2/89 = 030 4" 2&31 + ?12 » *30 + ^21 ^18 4s ) *81 2^ 12 &03X a 01 , a lo) , 

y 19 = i so + 3y 21 + 3&i 2 + l m . 

The quantities 6 which arise in the formation of the modified A-equations 
can be expressed in the following manner: Let any of the quantities y, which 
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are evidently binary quantics in a 01 , a 10 , be of degree r in those two variable's; 

and let the operator _1 3_ 

r dam. 
be denoted by 8 so that the highest power in the derivative has a numerical 
coefficient unity. Conformably with this definition we have 

a r — 1 3«oi r(r — l)d<& 

and so on. Then the quantities are : 

2 = a 10 (the variable of reference), 

3 = &y» , 

5 , 4 = jy, , b 2 y 3 , 
7 , 6 = ^2/ 4 , o% , 
6 JO, 0» , 8 =% 5 » %> » &Vl > 
0X2, 0ii = ^ 6 , &y, , 

15 , 14 , 013 = ^7 , Styf , ^7 , 

^i9, ^is, 0i7, 0i6 = hs > &y* > &ys > ^Vs , 

020 =%0, 

0ga, 02i = ^ii, %n, 

023 = ^12, 
026, 025, 024 = ^14, ^Vl4, %4, 
030, 029, 028, 027= ^15, #fyl5, %15 > <5fyl5 , 
035, 034, 033, 032, 031 = ^16, #fyl6> #fyl6, #Vl6> %16, 
038, 037, 036 = tylT. ^17, #fyl7 > 
042, 041, 040, 039 = ^18, ^, %8 , ^Vl8, 
047, 046, 045, 044, 043 = ^20, ^20, %20, ^20, %20, 
053, 052, 051, 050, 049, 48 = ^21, &lfn, ^21, ^21, ^21, ^21, 

55 , 6 5i = Sy w , h 2 y w , 

058, 057, 056=^23, ^23, %23 , 
062, 061, 060, 059 = ^24, %24, %24, ^24, 
065, 064, 063 = %25, %25 , &!/*, 
067, 066 = ^26, %26, 
068 = ^27 , 
069=^28, 
071, 07O = %29> ^2/29, 

wherein the first member on the left-hand side is equal to the first on the right- 
hand side, the second to the second, and so on. 

92. These 70 quantities and 29 quantities y make up the necessary number 
of 99 integrals of the equations subsidiary to Z> 1 =0. The 99 integrals, as 
taken above, are independent of one another. 
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93. In order to express in a concise form the modified A-equations, such a 
relation as 2 A0 16 — 40 16 A0 2 = 40 17 

will be represented by [0 16 , 4] = 40 17 ; 

with this notation the modified A-equations are : 



[0 3 , i] = y* • 

[0 4 , 2] = 20 6 1 

[05,i]= m J 

'0 6 , 2] = 20 7 > 
~Pn , 1] = 2/4 J 
[0 8 , 3] = 30 9 
[0 9 ,2] = 20 lo 
[0 1O , 1]= j/ 5 J 
[0 U) 2] = 20 13 | 
[0 12 , 1] = y t J 

[013, 3] = 30 14 
[0 U) 2] = 20 15 
[0 1B) 1] = y, 

[0 16I 4] = 40 17 ^ 
[0 17 , 3] = 30 18 
[0 18) 2] = 20 19 
[0 19 , 1]= y s J 

[020, !] = 2/io • 
[0 21 , 2] = 20 22 | 

[022, i]= 2/11 > 

[023, 1] = 2/12 



• (ii) 

• (i") 

• (iv) 

• (v) 
. (vi) 

. (vii) 

.(viii) 

. (x) 

. (») 

.(xii) 



[024 
[025 
[026 

[027 
[028 
[029 
[030 
[03! 
[032 
[033 
[034 
[035 

[036 
[037 
[038 

[039 
[040 
[041 
[042 

[043 
[044 
[045 
[046 
[047 



3] = 30 25 " 
2] = 20 26 

!]= 2/u. 
4] = 40 28 >| 
3] = 30 29 
2] = 20 3o 

1]= 2/15 J 
5] — 50, 
4] = 40, 
31=303, ■ 
2] = 20 35 

!]= 2/16 J 

3] = 30 37 
2] = 20 38 

l] = 2/17^ 

4] = 40 4O i 
3] = 30 41 I 
2] = 20 42 

1]= 2/18 

5] == 50« 
4] = 40, 5 
3]=30 46 1- 
2] - 20„ 



(xiv) 



(XV) 



(xvi) 



[048 
[049 
[050 
[051 
[052 
[053 

[054 
[055 

[056 
[057 
[058 

[059 
[060 
[061 
[062. 

[063 

[064 

( XViiI ) [065 

[066 
[067 

[068 

[069 

[070 
[071 



(xvii) 



(XX) 



6] = 60 49 
5] = 5050 
4] ==, 405i 
3] = 30 B2 
2] = 2053 

1]= 2/2i ; 



. (xxi) 



2 1 = 2 H . . (xxii) 
ll = «/.J 




.(xxiii) 



, (xxiv) 



(xxv) 



2 J = 2 M..(xxvi) 

1]= SV 

1] = 2/27 • • (xxvii) 
1] = 2/28 • • (xxviii) 



2]=20 71 \ 
1]= 2/29J 



(xxix) 



1]= 2/20 

Of these 69 equations 68 integrals are required, which, with the 29 simulta- 
neous ^/-solutions already obtained, make up the (§18) 35 requisite number of 

(-^-.4.5.4.5 — 3 = J 9 7 independent solutions. 

94. Now regarding the indicated 25 groups of the complete system of equa- 
tions, we find first that each group furnishes a certain number of solutions inde- 
pendent of one another and derivable only from that group ; and the number of 
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solutions so furnished is less by unity than the number of equations contained in 
the group. In fact each group of itself determines the algebraically independent 
concomitants of the quantity y occurring in the group regarded as a binary 
quantic j the aggregate of these independent concomitants, excluding the quan- 
tity y, will be called the binariant-system of that binary quantic y. Thus the 
binariant-system of 

» = (4» A , A, K' «*)* = °S 

is composed of -{-(o^ar^-, 

±{ab)\ac)ar*bl-*cl-\ 



4Z.» — 4 



\{aVfal~% 

\ {ab)\ac) a"- 5 ^- 4 ^- 1 , 

\ (abfal-%-*, 

and so on ; in terms of these all the invariants and co variants of u can be alge- 
braically expressed. 

We thus have a number of solutions for each of the binary quantics y, and 
derivable from them in the case when y is of degree in a 01 higher than unity ; the 
number of additional solutions thus obtained is 

1 from each of the set y 3 , y t , y & , y u , y w , y m y m — 7 , 

2 " " " " 2/5,2/7,2/14,2/17,2/23,2/25 =12, 

3 " " " " 2/8,2/i5,2/i8,2/24 =12, 

4 " " " " 2/16,2/20 = 8, 

5 from y %1 = 5 , = 44 in all. 

As we have now used the equations in a group among themselves, we may now 
take only a single equation out of each group ; it is most convenient for the 
purposes of integration to retain the last equation of the group. 

95. We thus have 25 equations left, which will furnish 24 independent 
integrals. 

The combination of any pair of equations leads to the Jacobian of the two 
quantities y occurring in those equations, regarded as binary quantics in a 01 , a 10 ; 

thUSfr0m 1%, 1] =2/2, [05,1] =2/3 

we derive a solution 1 fri n x 

-j- (%s — 052/a) 

easily seen to be the Jacobian of y% and y 3 . Combining, then, equation (ii) in 
20 
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turn with each of the equations last in the other groups, we have the necessary 
number of 24 independent solutions ; and these are the 24 Jacobians of y % and 
each of the remaining quantities y which are not independent of a 01 and a 10 . 
Combining, then, all our solutions, we have 

(i) the 29 quantities y, 

(ii) the 44 derived through the binariant systems, 
(iii) the 24 Jacobians, 

making the total of 97, the required number. 

96. The process of derivation from the 99 independent solutions of Z> 1 = 
shows that the 97 simultaneous solutions are independent of one another ; it 
follows from the theory that every simultaneous solution can be expressed in 
terms of them. 

The order and class will be left undetermined until §§106-112, when they 
will be given for the general quantic. 

97. If we take d 3 = g 00 as the variable of reference instead of 2 = «io an d 
proceed in the same way, we find a set of binary quantics which have — h m and 
-4- g w for their variables instead of a ol and a w . The forms y lt y 2 , y g , y 13 , y 19 are 
unaltered ; the remainder have their coefficients the same, and their modification 
consists in the mentioned change of variables. 

The aggregate of independent simultaneous solutions is similarly consti- 
tuted ; we have in addition to the quantics their binariant systems, and the set 
of Jacobians taken of course with regard to the variables of the system of 
quantics. 

We shall denote the quantics in these variables by z, so that if y ll =(*la 1 , a 10 ) A 
for any index a and degree X, then z„ will denote (*$ — h w , g w y with the same 
coefficients as y^ . 

VI. — The Ternary Quantic of Order n and Class m. 

98. The complete system of algebraically independent concomitants consists 
of three classes, the arrangement being made conveniently with regard to their 
leading coefficients. 

The first class of leading coefficients consists of a number of binary quantics 
in a 01 and a 10 as variables; (the results will be enunciated only for this system, 
but it may be borne in mind that there is an equivalent system in g w and — /> 00 
as variables). 

The second class of leading coefficients is constituted by the several bina- 
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riant systems of each of the binary quantics in the first class taken singly ; that is 
to say, the system of algebraically independent concomitants of any such quantic, 
the quantic itself excluded. It is evident that any quantic of the first degree 
only in a 01 and a 10 , or one of zero degree in them (that is to say, independent of 
them) will supply no leading coefficients to this class. 

The third elass of leading coefficients is constituted by the Jacobians of any 
one quantic which involves a 01 and a w with each of the others in turn which also 
involve these variables. 

It thus appears that, if the first class be completely given, then the second 
and third classes ean be derived from them. 

99. Let y be any one of the leading coefficients of the first class, deter- 
mining a concomitant of the form 

yx$i% + 

A linear substitution is cc x = JT 1 , cc 2 =X 3 , % 3 = X Z , which must leave the con- 
comitant unchanged (save possibly as to sign), and must therefore leave y simi- 
larly unchanged. The effect of this substitution is to interchange coefficients of 
the quantic symmetrically associated with x z and x 3 , u % and u 3 ; this interchange 
must therefore not affect y, a binary quantic in o. i and a 1Q . But a 01 and a 10 are 
interchanged by the substitution ; hence the sole effect on y (except a possible 
change of sign) is to reverse the order of the terms. 
Let afJi-4 be the first term in y; the form of y is 

as follows from the differential equation i? 6 = A = to be satisfied by y . The 
last term in the series will be af A', where A' is the value of A when the above 
interchange is effected. 

It thus appears that a knowledge of the single term a% x A is sufficient to 
determine y. But now we proceed to show, what is indeed the ordinary infer- 
ence in the theory of binary quantics, that a knowledge of A alone is sufficient 
to determine y. 

For y is isobaric and therefore a^A and af A' are of the same weight. 
Denoting the quantic by a%u™ and using the assignation of weights in §4, we have 

weight of A — weight of A' 

P weight of a 10 — weight of a 01 ' 

But the umbral values of <% and a 10 are alai~ x a 3 and a^a™ -1 ^ respectively, so 
that 
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weight of a 10 — weight of a 01 = weight of a 2 — weight of a 3 

= 1, 
and therefore p = weight of J. — weight of A'. 

Thus when A is known we can deduce p and so find y; and for this purpose it is 
really sufficient to take any term in A , obtain the corresponding term in A' by 
the interchange of coefficients of the quantic symmetrical with regard to u % and 
u 3 , x 2 and x 3 , and find the difference of the weights which determines p. For 
instance, in the case of the cubo-cubic we have in y 2i as coefficient of the first 
term 7c 30 + l. 2l ; taking & 30 , which is the coefficient of x % x\u\ (disregarding numerical 
coefficients), we change it into the coefficient of x 3 xlu 3 , i. e. intoy o3 , so that 
p = weight of &3Q — weight of j 03 

= weight of a 2 a|a| — weight of afa 3 a| 

= weight of a 3 — weight of a 2 + 3 (weight of a 2 — weight of a 3 ) 

= 1 + 3.1 = 4, 

agreeing with the form there given. 

Hence it appears that the theory of binary quantics applies, so that if we 
Tenow the coefficient of the highest power of a 01 in y , and even nothing but this coeffi- 
cient, we can obtain tlie value of y by pure differentiation with the operator A . 

The determination of the quantics y therefore resolves itself into a deter- 
mination of the coefficients A of their first terms. 

100. In the general biternary quantic we write (s, t)^ T in place of a r , s< t , p> „, T 
(with the conditions n = r-\- s-\-t, m = p + tf -f- <r) ; so that (s, t) at T is the literal 
coefficient of x\xyc\u{ulul and its.umbral value is given by 

\S , t) Vl T == a± OtgG! 3 GCi 0%Q. 3 • 

The operator A(=X> 6 ) of §59 is in this notation 

]T [{<(•+ 1, t- i)„ ,-*(., 0.-1.H.1} gr^-J. 

the summation extending over all the values of s and t such that s + 1 is not 
greater than n, and all values of a and t such that a + * is not greater than m. 

101. All the leading coefficients A of the binary quantics y, which are them- 
selves leading coefficients of concomitants, are encluded in the formula 

(0, Or-A^ + M 1 - *- l)r->+M-l+ 3l(a ' 2 7 1) ( 2 ' *- 2 X-* + 2,A-S + • • • • 

+ ^ 2 7 1) fo— a, < — a, + 2),..,,, + a, (* — i,< — a, + i) T _ lt i+(a,,< — a,) T ,o 
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for the values t-=.%, a, + 1 ,...., n, 

TT = /l, /l -+- 1, . . . . , m 

for each single value of % ; and the values of X are 

/t = 0, 1, 2 m or » 

according as m is less or is greater than n . Such a quantity we shall represent 

Having now the coefficient of the first term in the quantic y, it is necessary 
to determine the degree p of that quantic in a 01 . Taking any term of A t< Ti A , say 
the first which is (0, t\_ KiK , we make the substitution which interchanges the 
terms in x % and x 3 , u % and u 3 , before indicated; this interchange gives us 
if, 0) A , T _ M so that 

^> = weight of (0, Ot-x,A— weight of (t, 0) AiT _ A 
= weight of <-^ar _T ap A a3 — weight of aJ-'a$ar~ T a$a5-* 
= t (weight of a 3 — weight of a z ) + (t — 2^)(weight of a 3 — weight of a 3 ) 
= t-\-f — 23,. 

Hence the quantic, which may be denoted by y^ Ty K, is 



1 ) IV \* + t— 2A 



' t + r 

with the foregoing limitations on the values of t,*,h; the quantities a 01 and a 
denoting (0, 0) 0il and (0, 0) li0 . 

For instance, in the case of the cubo-cubic the several quantics 
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2 


2 


Vn 


3 








Vi 


1 


2 





2/21 
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2/23 


3 


2 


1 


2/2 7 
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2 
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2 





y* 
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1 


1 


2/2 6 


1 


3 
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2/2 9 


3 


3 


2 


Vi 


1 


1 





2/ie 


3 


2 





2/io 


2 


1 


1 


2/2 5 


2 


3 


1 


2/19 


3 


3 


3 



are given in the accompanying table. The reason that there is no entry here for 
t, t, /t = 0, 1, is that the corresponding coefficient of the first term is (0, 0) 01 
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which is one of the variables of the quantic. And this omission is general for 
the special group of values. 

102. Let N be the total- number of quantics in the above system for the 

n°m le ; then, adding unity on account of the single omission just referred to, we 

have 

N+ 1 = (m + 1)(« + 1) for the value a, = 

+ mn " " a=l 

+ (m— l)(n— 1) " " a = 2 

+ 

= (m + \){n + 1) + inn + (m — \){n — 1) + ..... , 

the series containing either n + 1 or m + 1 terms, whichever is the smaller 
integer. 

We thus have all the leading coefficients of the first class, and the number of 
them. 

103. The leading coefficients of the second class are constituted by the members 
of the binariant systems of those of the first class considered as isolated binary 
quantics. The number of members in the binariant system of a binary quantic 
of degree p is p — 1, provided p be not less than 2; but if p be zero or unity, 
there is no binariant system. Hence only those quantics of the previous class 
for which t + t > 2a + 2 will furnish members of the second class of coefficients ; 
and, if y ti Ti K be one such, the number it furnishes is t + r — 2/1 — 1 . Thus the 
total number of coefficients of this class is N' = 2 (t + t — 2A — 1) with the lim- 
itations £ + r > 2A- + 2, 

t> a<«, 
t> h<m. 

104. The leading coefficients of the third class are constituted by the Jacobian 
of any one of the first class involving a 01 and a 10 (say y it _ ) with each of the 
others of the first class involving those quantities ; and it is with regard to a 01 
and a 10 that the Jacobians must be taken. Now, of the N quantics in the first 
class there are either n + 1 or m + 1 (whichever be the smaller integer) which 
do not involve a 01 and a 10 — they are in fact given by t = r = h — and therefore 
the number of quantics, other than y^ 0i , which do involve those quantities is 

N" = N— l—\ n + 1 , 
y.m -\- 1 

taking in the last term the smaller of the two integers. Each such quantic 



Forsyth : Systems of Ternariants that are Algebraically Complete. 153 

combined with 3^ 00 furnishes a Jacobian, and therefore the number of leading 
coefficients of the third class is N". 

Hence the total number of leading coefficients of all classes is 

and each of these leading coefficients determines one of the system of algebrai- 
cally independent concomitants of the biternary quantic, in terms of which any 
concomitant can be expressed. 

105. As regards the equivalent system obtained by taking g 00 as the variable 
of reference, exactly similar results are obtained. There is a set of iV-quantics 
in — h 00 and g 00 as variables and of the same degrees, so that we have 

1. ^>ir A3 > t + r-2V. At+T ~~ sx } A ^<$- h <»>' 9°°) t+T ~ SX - 



Z t, T, A : 



We have N 1 further coefficients of concomitants obtained by taking the various 
binariant systems of these z-quantics; and the third class of N" Jacobians of any 
one of them, say z 1)0 , > with all the others, the variables being in the present 
case — h w , g 0Q . 

106. Having now obtained the leading coefficients, it is necessary to deter- 
mine the order and the class of each of the concomitants so determined; for this 
purpose the symbolical method will be adopted. 

We first change At, T , a into its symbolical form, which is easily found to be 

a\~ V" T <4~Vr A (a z a s + a 3 a 3 )\ 

The effect of the operator A on A t<T>k is to change (s, t\ r , that is, 
a?-*- t ala t 3 a , ?-' r - T a%al into 

t(s+ 1, t — l) ff)T — a(s, O.-lt+l 
that is, into 

tera — s — t n s + l n t — \ m — <r — to- „t /tv,™ — s — t^s^t „m— o- — t„o- — 1 t + 1 

i a 2 a 3 aj a 2 a 3 — uai a^x 3 a\ a 2 a 3 ^ , 

so that in the symbolical form the effect of the operator A is 

d d 

a * da 3 ~ a * da, ' 

and similarly for repetitions of the operator. Now when this symbolical A-form 
operates on (a 2 a 2 + a 3 a 3 ) the result is zero, so that this quantity behaves like a 
constant for A; hence we have 
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y ti T , K = a3f-'<- T (a 2 a 2 + a 3 a 3 ) A [( { 1 , A , -^ J (4"^" *$<%, a 10 ) ] 

= al~ t ai— T (a 2 a 2 + «3a3) x («2«io + «3«oi) i!_x ( a 3 a oi — a3«io) T_A » 

after substitution and reduction. And in this expression all the symbols except 
<% and %) are umbral. 

107. We can at once derive from this form of y ttT<x the order and the class 
to be associated with it, completing the elements of the concomitant. For every 
factor of the form a 2 a 2 — a 3 a 3 — that is, a a — Ojotj. — there are a single power of x 
and a single power of u occurring. For every factor of the form a^a 10 + a 3 a 01 — 
that is, hip™- 1 (a 2 /? 2 + a$ 3 ) = S^f" 1 (a p — ajft) there are a power w+lof* 
and a power m of u occurring. For every factor of the form c^a,,! — a 3 a 10 — 
that is, c^yf _1 (a 2 y 3 ) — there are a power n + 1 of a? and a power tn — 1 of u 
occurring. Hence the order in the ^-variables is 

n — t + h + (t — 3,)(n+ 1) + (n + 1)(* — X) = n(t + v — 2X) + n— % + *; 

and the class in the w-variables is 
m — r + % + (t — X)rn + ('m— 1)(* — X) — m (t + * — 22,) + m — 2* + 23,. 

But by means of concomitants occurring earlier in the sequence, it is possible 
(as in §79) to take a linear combination of y t , r ,\ and powers and products of 
those earlier concomitants such that the symbolical form of the concomitant 
determined by the linear combination is divisible by a power of u x equal to 
2, + (t — X), i.e. by %£; and thus y iiT< A determines a concomitant which may be 
called congruent with 

Retaining, however, the simpler form of leading coefficient, the concomitant 
thence determined is 

yt, t, \ x i u i t . . . . , 

and thus the order and the class of each concomitant of the first class of leading 
coefficients are determined. 

108. Passing now to the second class of leading coefficients, constituted by 
the binariant systems of those in the first class, we know that they can be 
arranged in two sets which are respectively of the second and the third degrees 
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in the coefficients of the binary quantic coefficients, but which have not yet been 
given in any form either really or umbrally connected with the coefficients of 
biternary quantic. For this purpose let 

where jp = t — % , q = * — X , J. == a\ ~'aj* -T (a 2 a 2 + «3«3)\ «$ = <h a \s + «3«oi > 
0j = a 2 a 01 — 003%,. Then the transvectants may be represented in the forms 

for those of the second degree in the coefficients of y, and in the forms 

for those of the third degree in the coefficients of y . 

109. Consider first the former class, those of the second degree in the coeffi- 
cients of y . We have 

tf +t = MOI> y>i> + « = Bb§&; 
so that 

y$+«- i %yy'Y°y' l F+''-*> — 2^af - p 0f-*(ay) p (%') < ^ p+g ~ p ~ ,r , 

the numerator on the right-hand side extending to all values of and a such 
that p + a = 2s. Also 

y'f+'-'-'yby'f — 2Bbf-'-' g b$%$->-~ + ' +lt ft- v tf-i k , 

the summation on the right-hand side being for values 0, 1, . . . . , p of v and 
values , 1 , . . . . , a of p . Hence 

(s\ TiX =z(yyTy1 +q - is y' l p+9 - is 

= AB2a%-^-°b%- r ~\ab)\aq>y-\%y{6<t>y-»q>\-<>-°+ v +», 

the summation extended to all values , 1 , p of v ; to all values 

, 1 , . . . . , of n , and to all values of p and a such that p + a = 2s . 

When the various terms in this summation are completed into forms which 
contain the variables, so as to give the concomitant having (s)^ T K for its leading 
coefficient, it appears that they are of varying order in x and of varying class in 
u. But, as will be seen immediately, the difference between the order and the 
class is the same for all the terms ; and therefore, on the multiplication of each 
21 
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term by a power of u x proper to the term, all the terms are made to be of the 
same order throughout and the same class throughout. And evidently this 
order and this class are the order and the class of the particular term, or aggre- 
gate of terms, in the summation, and they give when completed the highest order 
and the highest class of all the terms. 

Considering, then, the term occurring under the sign of summation as the 
typical term, we have as in §107 

the order in a:-variables 

= 2 (n — t) .+ 2X from AB 

+ (p — p)(n + 1) from a% ~ p 

+ (q — cf)(n + 1) from 0f~" 

+ (p — v — (i)(n + 1) from bf—'~ 11 

+ p — v from (a$y- v for (a<?>) = a 2 <?> 2 + a z <p s = a^, — a^ 

+ li from (6bY 

+ o — (t. from (d^y-" 

+ (q— p— <r+v+(i)(n+l) from ^g-p-'+H-* 
= 2(n — * + *) + 2(rc + l)(p + q — p — a) + p + o — v; 

while from the same typical term the order in w-variables 

= 2 (m — t) + 2% from AB 

+ (P — p) m fr° m «f _p 

+ (s— °)( m ■*- !) fr ° m or* 

+ (p — v — jt) wi from Jp— '-" 

+ (# — p — tf + r + ii)(m — 1) from $>g-p-'+' i '+'» 
+ v from (a&)" 

+ (p — v) from (a$y-* 

+ ;« from (06)* 

= 2 (m — -T + A,) + 2m (p + £ — p — cr) — 2^ -f 2 (cr + p) — v. 

The difference of these two is at once seen to depend only upon n, m; t, v, X; 
and p + <j (= 2s) and is therefore the same for all terms. 

The greatest value of each is given by the terms for which .v = 0, so that 
the order of the concomitant is 

2(n — t + X) + 2(n + l)(p + q — 2s) + 2s , 
and its class is 
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2 (m — t + X) + 2m (^> + q — 2s) — 2g + 4s; 

and the power of u x , which must be associated with the foregoing typical term 
in its completed form, is u v x . These are the order and the class of the concomitant 
having as its leading coefficient {s) tiT<x , the transvectant of the second degree and 
s th rankof */ <iT>A . 

110. But, as in §§73 and 79, the preceding concomitant can, by the addition 
of suitable combinations of concomitants occurring earlier in the series, be 
reduced so as to leave only that single term which involves the highest power 
of u x in the whole sum of terms which is the expression of the concomitant ; 
and the concomitant can therefore be considered as congruent to the function 
given by that single term when the power of u x has been removed from it. 

Now the highest power of u x occurring in the completed form of the typical 
term is 

X from A, for A gives when completed a x " t u^~ T (a a u x — a x u a Y 
+ a, from B, similarly 
+ p — P from of _p 
+ j> — v — ^from &p'-* 
+ o — v from (a<py~ v 
+ ^ from (0Z>)* 
= 2p+22,— 2r, 

and the term or set of terms for which this is greatest are the terms given by 
v = 0, so that the power of u x to be removed is ul p+iK . 

And the function to which the preceding concomitant is thus reduced is the 
sum of quantities 

(n cx _1 <] if n «- x (o&b)] fn ^r^jT n + &xr * GM] 

for all values of o and a such that p + tf= 2s , the symbol n implying the product 
of t quantities similar to those which immediately follow that symbol. 

111. Similarly proceeding with the concomitant, whose leading coefficient 
s% <r<x is of the third degree in the coefficients of y t , T ,\, we find that the order 
of the concomitant is 

3 (n — t + X) + (n + l)(3p + Sq — 4s— 2) + 2s + 1 , 
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and that the class is 

3 (m — t + X) + m (3p + Sq — 4s — 2) — Zq + 4s + 2 

All the elements of the concomitants, determined by the second class of 
leading coefficients, have now been obtained. 

112. Lastly, for the third class of coefficients constituted by the Jacobians, 
we take the Jacobians of ^i i0 ,o with all the other quantics. The Jacobian of 
2/i,o,o with yt, r ,K can be taken, with the preceding notation, in the form 

j~~ q hi- * ft {M "^ («*>) + qa^r 1 (») \ > 

from which it appears that the order in x is 

(p+b + l)(n+l)-2 — t+%, 

and that the class in u is 

(p + q + l)m + 2 — * — £ + *>. 

This completes the determination of the elements of all the concomitants in 
the algebraically independent system of the biternary n°m ie . 

113. As a special case of the foregoing, serving to render the results obtained 
more precise, I add the elements of the system of the quadro-quadratio, repre- 
sented by 

(«oo»a + 2^00^332 + 2g m Xi.x 3 + bwpcl + 2/ 00 a52a;3 + Cyp%) u\ 

+ '/.'.'.'. .\\\\'.'.\\ ■.*.'.'.■.'.'.'.■.■ ..'." .*.'.■.■.'.■..■.' 

+ '.'.'.'.'.'.'.'.'.!'.'.'.'.'.'.'. '.'.'.'.'.'.'.'.'.'.'.'.'.['.'.'. 

+ {a^x\ + 2h 0!i x 1 x i + 2# 02 a? 1 a:3 + & M a£ + 2/^x^X3 + c O0 x|) u%. 

The quantities y^ are the same as those denoted by the same symbols in §91 ; the 
values oft, v, % are those to be associated with y^ from the preceding general 
investigation ; \ is the Hessian of y^ , so that s — 1 and $ M is its cubico Variant, 
for which also s = 1 ; * M is the quadrinvariant of y^ for which s = 2 ; and j % ^ is 
the Jacobian of y % and y^. The values of m and of p are the orders in cc-variables 
and the classes in w-variables of the concomitants determined by the leading 
coefficients; and the necessary 33 concomitants (§§18 and 35) of the system for 
the quadro-quadratic have their elements as given in the following table : 
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t 


r 


A 


FIKST CLASS 
OF LEADING 
COEFFICIENT. 


m 


P 


SECOND CLASS 
OF LEADING 
COEFFICIENT. 


m 


JP 


THIED CLASS 
OF LEADING 
COEFFICIENT. 


m 


P 











2/l 


2 


2 














1 








2/2 


4 


4 


2 








Vz 


6 


6 


ft 3 


2 


8 


H, 3 


5 


8 


1 


1 





Vi 


7 


4 


ft* 


4 


4 


j'2,4 


6 


6 


2 


1 





2/ 5 


9 


6 


K 


8 


8 


j'2, 5 


8 


8 


4>6 


12 


12 





2 





Ve 


8 


2 


he 


6 





^2, 6 


7 


4 


1 


2 





Vi 


10 


4 


h, 


10 


4 


it, 1 


9 


6 


h 


15 


6 


2 


2 





Vl 


12 


6 


h s 


14 


8 


Ji, 8 


11 


8 


1*8 


21 


12 


is 


4 


4 
4 


2 


2 


1 


2/n 


7 


4 


Ali 


4 


Jz, 11 


6 


6 


2 
1 


1 


1 


Via 


4 


4 








3z, 10 


3 


6 


2 


1 


2/l2 


5 


2 


J2, 12 


4 


4 


1 


1 


1 


2/9 


2 


2 








2 


2 


2 


J/is 


2 


2 



In terms of these concomitants every concomitant of the quadrato-quadratic 
can be expressed ; the simplest cases of all appear to be 

(Pi + P 9 + Y 13 )-r-u% = linear invariant a\, 

(Y x -f- r^-i-M,, = linear concomitant aji^u^. 
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The following short abstract of the contents of the paper may prove useful 

for reference : 

Introduction and Bibliography ; see also Note to $60. 

Part I. 1-3 — The differential equations of ternariants. 
4 — Assignation of weights. 
5-12 — Expansion of concomitants in powers of variables, and determination of leading coeffi- 
cients, of order m and of class p . 
13 — Equations satisfied by leading coefficients of different kinds of ternariants. 
14 — Determination of order and class from symbolized form of a leading coefficient, and deter- 
mination of m — p by inspection of its weight. 
15-18— All the concomitants of a quantic can be algebraically expressed in terms of a finite 
number of independent concomitants. 
16 — Notation for the quantics, and values of the literal operators which occur in the differ 

ential equations. 
17— Leading coefficients are simultaneous concomitants of a system of binary quantics. 

Part II. 19-21 — Algebraically complete system of concomitants of a quadratic. 
22-32— " " " " " " eubio. 

33— Symbolical representation of concomitants. 

34 — Modification of the complete system of the cubic. 

35— Method of obtaining from the differential equations the number- (?18) of concomitants 
-necessary to form the complete system of the »W«. 
36-42 — Algebraically complete system of a quartie. 
43-45— " " " " a ternary n«c. 

46-52— " " " " two quadratics. 

53_58_ " " " " three quadratics. 

Part III. 59— The literal operators for bipartite quantics. 

60-64— System of a bipartite lineo-linear quantic. 
65-73 — " of two lineo-linear quantics. 
74-84 — " of quadro-linear quantic. 
85-88 — " of leading coefficients for eubo-linear quantic. 
89-97 — " " ., " " " euho-euova quantic. 

98-105— " " " " " biternary n«m^ . 

106-112— Determination of the order and the class of the concomitants of the nomte given by 
the-leading coefficients. 
113— Special case of the quadro-quadratie. 



ERRATA. 



P. 4, 1. 4, for concomitants read quantics. 

P. 12, 1. 13, for also ± is read also is ± . 

P. 31, 1. 11, for U x read U . 


P. 32, 1. 10, for — read * s . 



